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A NOTE ON TRANS-SASAKIAN MANIFOLDS
SHARIEF DESHMUKH* AND MUKUT MANI TRIPATHI**
Abstract. In this paper, we obtain some sufficient conditions for a 3-
dimensional compact trans-Sasakian manifold of type (α, β) to be homo-
thetic to a Sasakian manifold. A characterization of a 3-dimensional cosym-
plectic manifold is also obtained.
1. Introduction
Let (M,ϕ, ξ, η, g) be a (2n + 1)-dimensional almost contact metric manifold
(cf. [2]). Then the product M =M ×R has a natural almost complex structure
J with the product metric G being Hermitian metric. The geometry of the al-
most Hermitian manifold (M,J,G) dictates the geometry of the almost contact
metric manifold (M,ϕ, ξ, η, g) and gives different structures on M like Sasakian
structure, quasi-Sasakian structure, Kenmotsu structure and others (cf. [2], [3],
[8]). It is known that there are sixteen different types of structures on the almost
Hermitian manifold (M,J,G) (cf. [6]) and using the structure in the class W4
on (M,J,G), a structure (ϕ, ξ, η, g, α, β) on M called trans-Sasakian structure,
was introduced (cf. [13]) that generalizes Sasakian and Kenmotsu structures
on a contact metric manifold (cf. [3], [8]), where α, β are smooth functions
defined on M . Since the introduction of trans-Sasakian manifolds, very im-
portant contributions of Blair and Oubin˜a [3] and Marrero [11] have appeared,
studying the geometry of trans-Sasakian manifolds. In general a trans-Sasakian
manifold (M,ϕ, ξ, η, g, α, β) is called a trans-Sasakian manifold of type (α, β).
Trans-Sasakian manifolds of type (0, 0), (α, 0) and (0, β) are called cosymplec-
tic, α-Sasakian, and β-Kenmotsu manifolds respectively. Marrero [11] has shown
that a trans-Sasakian manifold of dimension ≥ 5 is either cosymplectic, or α-
Sasakian, or β-Kenmotsu. Since then, there is a concentration on studying ge-
ometry of 3-dimensional trans-Sasakian manifolds only (cf. [1], [4], [5], [9], [10]),
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putting some restrictions on the smooth functions α, β appearing in the defini-
tion of trans-Sasakian manifolds. There are several examples of trans-Sasakian
manifolds constructed mostly on 3-dimensional Riemannian manifolds (cf. [3],
[11], [13]). Moreover, as the geometry of Sasakian manifolds is very rich, and is
derived from contact geometry, the question of finding conditions under which a
3-dimensional trans-Sasakian manifold is homothetic to a Sasakian manifold be-
comes more interesting. In this paper we consider this question and obtain two
different sufficient conditions for a trans-Sasakian manifold to be homothetic to a
Sasakian manifold. One of them is expressed in terms of the smooth functions α,
β and a bound on certain Ricci curvature, and the other requires that the Reeb
vector should be an eigenvector of the Ricci operator (cf. Theorems 3.1, 3.2).
We also find a characterization of cosymplectic manifolds (cf. Theorem 4.1).
Acknowledgement. The authors wish to express their sincere thanks to the
referee for many corrections. The first author also wishes to thank the DST-
CIMS at Banaras Hindu University, Varanasi for the hospitality during his visit
to the center.
2. Preliminaries
Let (M,ϕ, ξ, η, g) be a 3-dimensional contact metric manifold, where ϕ is a
(1, 1)-tensor field, ξ a unit vector field and η a smooth 1-form dual to ξ with
respect to the Riemannian metric g satisfying
ϕ2 = −I + η⊗ ξ, ϕ(ξ) = 0, η ◦ϕ = 0, g(ϕX,ϕY ) = g(X,Y )− η(X)η(Y ), (2.1)
X,Y ∈ X(M), where X(M) is the Lie algebra of smooth vector fields on M (cf.
[2]). If there are smooth functions α, β on an almost contact metric manifold
(M,ϕ, ξ, η, g) satisfying
(∇ϕ)(X,Y ) = α (g(X,Y )ξ − η(Y )X) + β (g(ϕX, Y )ξ − η(Y )ϕX) , (2.2)
then this is said to be a trans-Sasakian manifold, where (∇ϕ)(X,Y ) = ∇XϕY −
ϕ(∇XY ), X,Y ∈ X(M) and ∇ is the Levi-Civita connection with respect to
the metric g (cf. [3], [11], [13]). We shall denote this trans-Sasakian manifold by
(M,ϕ, ξ, η, g, α, β) and it is called trans-Sasakian manifold of type (α, β). From
equations (2.1) and (2.2), it follows that
∇Xξ = −αϕ(X) + β(X − η(X)ξ), X ∈ X(M). (2.3)
It is clear that a trans-Sasakian manifold of type (1, 0) is a Sasakian manifold
(cf. [2]) and a trans-Sasakian manifold of type (0, 1) is a Kenmotsu manifold (cf.
[8]). A trans-Sasakian manifold of type (0, 0) is called a cosymplectic manifold
(cf. [7]).
Let Ric be the Ricci tensor of a Riemannian manifold (M, g). Then the Ricci
operator Q is a symmetric tensor field of type (1, 1) defined by Ric(X,Y ) =
g(QX, Y ), X,Y ∈ X(M). We prepare some tools for trans-Sasakian manifolds.
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Lemma 2.1. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional trans-Sasakian mani-
fold. Then ξ(α) = −2αβ.
Proof. Using (2.3), we get that
dη(X,Y ) = −2αg(ϕX, Y ), X, Y ∈ X(M)
and as a consequence, the 2-form Ω defined by Ω(X,Y ) = αg(ϕX, Y ) is closed.
Using (2.1), (2.2), and (2.3) in dΩ = 0 after some trivial calculations, we arrive
at
ϕ {X(α)Y − Y (α)X − 2αβη(Y )X + 2αβη(X)Y }+ g(ϕX, Y ) (∇α+ 2αβξ) = 0
for all X,Y ∈ X(M). Operating ϕ on the equation above, we get
Y (α)X −X(α)Y + 2αβη(Y )X − 2αβη(X)Y +X(α)η(Y )ξ
−Y (α)η(X)ξ + g(ϕX, Y )ϕ (∇α) = 0.
For a local orthonormal frame {e1, e2, e3} on M , taking X = ei in the equation
above, taking the inner product with ei and adding the resulting equations, we
get
(2αβ + ξ(α)) η(Y ) = 0, Y ∈ X(M)
which gives
(2αβ + ξ(α)) ξ = 0
and we obtain the result. 
Lemma 2.2. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional trans-Sasakian mani-
fold. Then its Ricci operator satisfies
Q(ξ) = ϕ(∇α) −∇β + 2(α2 − β2)ξ − g(∇β, ξ)ξ
where ∇α, ∇β are gradients of the smooth functions α, β.
Proof. We use (2.1), (2.2), and (2.3) to calculate
R(X,Y )ξ = ∇X∇Y ξ −∇Y∇Xξ −∇[X,Y ]ξ
and after some easy computations we arrive at
R(X,Y )ξ = Y (α)ϕX −X(α)ϕY +X(β)(Y − η(Y )ξ)− Y (β)(X − η(X)ξ)
+(α2 − β2)(η(Y )X − η(X)Y ) + 2αβ(η(Y )ϕX − η(X)ϕY ).
The above equation gives
Ric(Y, ξ) = g(ϕ(∇α), Y )− g(∇β, Y )− g(∇β, ξ)η(Y )
+2(α2 − β2)η(Y ),
which proves the result. 
Next, we state the following result of [12], which we shall use in the sequel.
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Theorem 2.1. [12] Let (M, g) be a Riemannian manifold. IfM admits a Killing
vector field ξ of constant length satisfying
k2 (∇X∇Y ξ −∇∇XY ξ) = g(Y, ξ)X − g(X,Y )ξ
for a nonzero constant k and any vector fields X and Y , then M is homothetic
to a Sasakian manifold.
3. Trans-Sasakian manifolds homothetic to Sasakian manifolds
In this section we study compact and connected 3-dimensional trans-Sasakian
manifolds and obtain conditions under which they are homothetic to Sasakian
manifolds. Our first result uses a bound on the Ricci curvature of the trans-
Sasakian manifold in the direction of the vector field ξ.
Theorem 3.1. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional compact and con-
nected trans-Sasakian manifold. If the Ricci curvature Ric(ξ, ξ) satisfies
0 < Ric(ξ, ξ) ≤ 2
(
α2 + β2
)
,
then M is homothetic to a Sasakian manifold.
Proof. Using (2.3) we immediately compute
δη = divξ = 2β. (3.1)
Also, since dη(X,Y ) = −2αg(ϕX, Y ), we obtain
‖dη‖
2
= 8α2. (3.2)
Now using (2.3), after some obvious calculations, we get
‖∇ξ‖
2
= 2(α2 + β2). (3.3)
Now, using (3.1)-(3.3) in the integral formula (cf. [14])∫
M
{
Ric(ξ, ξ)−
1
2
‖dη‖2 + ‖∇ξ‖2 − (δη)2
}
= 0
and the hypothesis of the theorem, we deduce that
Ric(ξ, ξ) = 2
(
α2 + β2
)
. (3.4)
Using Lemma 2.2, we have
Ric(ξ, ξ) = −2ξ(β) + 2(α2 − β2)
which together with (3.4) gives
ξ(β) = −2β2. (3.5)
We claim that β must be a constant. If β is not a constant, then on the
compact M it has a local maximum at some p ∈ M . We have (∇β) (p) = 0
and the Hessian Hβ is negative definite at this point p. However, using the
equation (3.5), we have ξ(β)(p) = −2 (β(p))2 = 0 and Hβ(ξ, ξ)(p) = ξξ(β)(p) =
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4 (β(p))
3
= 0, (where we used ∇ξξ = 0), which yields a contradiction (as the
Hessian is negative definite at p). Hence, β is a constant and this, combined
with Stokes’ theorem applied to div(ξ) = 2β, proves that β = 0.
Since β = 0, the Lemma 2.1 gives ξ(α) = 0. We claim that α is a constant.
If not, on compact M the smooth function α attains a local maximum at some
point p ∈ M . At this point, the Hessian Hα is negative definite. However, for
the unit vector field ξ, we have Hα(ξ, ξ) = 0, which fails to be negative definite
at point p, which is a contradiction. Now, that α is a non-zero constant follows
from the condition in the hypothesis. Thus, using (2.3), we compute
α−2 (∇X∇Y ξ −∇∇XY ξ) = g(Y, ξ)X − g(X,Y )ξ,
and this implies by Theorem 2.1 that M is homothetic to a Sasakian manifold.

As a direct consequence of the above theorem we have the following result,
which has motivation from the fact that on a (2n + 1)-dimensional Sasakian
manifold (M,ϕ, ξ, η, g) the Ricci operator satisfies Q(ξ) = 2nξ.
Corollary 3.1. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional compact and con-
nected trans-Sasakian manifold. If the vector field ξ satisfies Q(ξ) = 2α2ξ 6= 0,
then M is homothetic to a Sasakian manifold.
As pointed out earlier, on a (2n+1)-dimensional Sasakian manifold (M,ϕ, ξ, η, g),
the Ricci operator satisfies Q(ξ) = 2nξ, that is, the Reeb vector field ξ is an
eigenvector of the Ricci operator. This motivates the question of whether a
3-dimensional trans-Sasakian manifold (M,ϕ, ξ, η, g, α, β) satisfying Q(ξ) = λξ
for a non-zero constant λ, is necessarily homothetic to a Sasakian manifold.
We answer this question for compact connected 3-dimensional trans-Sasakian
manifolds and show that they are homothetic to Sasakian manifolds.
Theorem 3.2. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional compact and con-
nected trans-Sasakian manifold. Then M is homothetic to a Sasakian manifold
if and only if the vector field ξ satisfies Q(ξ) = λξ for a non-zero constant λ.
Proof. Using Q(ξ) = λξ in Lemma 2.2, we have
ϕ(∇α) −∇β =
(
λ+ ξ(β)− 2(α2 − β2)
)
ξ. (3.7)
Taking the inner product with ξ in the above equation, we obtain
ξ(β) = −
λ
2
+ (α2 − β2). (3.8)
Inserting this value in (3.7), we have
ϕ(∇α) −∇β =
(
λ
2
− (α2 − β2)
)
ξ (3.9)
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and applying ϕ to the above equation, we obtain
∇α = −2αβξ − ϕ(∇β). (3.10)
If A is a symmetric operator on the trans-Sasakian manifold M , we can choose
a local orthonormal frame that diagonalizes A and consequently, we have∑
g(ϕ(Aei), ei) = 0. (3.11)
Now for X ∈ X(M), we compute
∇X (ϕ(∇β) + 2αβξ) = (∇Xϕ) (∇β) + ϕ (AβX) + 2X(αβ)ξ + 2αβ∇Xξ
where AβX = ∇X∇β is a symmetric operator Aβ : X(M)→ X(M). Taking the
inner product with X in above equation and using equations (2.2) and (2.3),
after some easy calculations we arrive at
g (∇X (ϕ(∇β) + 2αβξ) , X) = αX(β)η(X) − αξ(β)g(X,X)
+ βg (ϕX,∇β) η(X)
+ g (ϕ (AβX) , X) + 2X(αβ)η(X)
+ 2αβ2g(X,X)− 2αβ2 (η(X))
2
.
Taking trace in the equation above, in view of the equation (3.11), we get
div (ϕ(∇β) + 2αβξ) = −2αξ(β) + 2ξ(αβ) + 4αβ2 = 0, (3.12)
where we used the fact that ξ(α) = −2αβ. Thus using (3.12) in the equation
(3.10), we conclude that ∆α = div(∇α) = 0 on compact M , which proves that
α is a constant. Using the constant α in the equation (3.9), we get
−∇β =
(
λ
2
− (α2 − β2)
)
ξ
which together with the equation (3.8) gives
∆β = −2βξ(β)−
(
λ
2
− (α2 − β2)
)
divξ
= −2β
(
−
λ
2
+ (α2 − β2)
)
− 2β
(
λ
2
− (α2 − β2)
)
= 0.
Here we used the fact that divξ = 2β. Thus β is a constant, which together with
Stokes’ theorem and divξ = 2β proves that β = 0. If α = 0, then (3.7) would
imply λ = 0, which is a contradiction. Consequently, α is a non-zero constant
which by the equation (3.1) satisfies
α−2 (∇X∇Y ξ −∇∇XY ξ) = g(Y, ξ)− g(X,Y )ξ.
This proves that M is homothetic to a Sasakian manifold. The converse is
obvious. 
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4. A characterization of cosymplectic manifolds
In this section, we study 3-dimensional compact trans-Sasakian manifolds,
and obtain a characterization of cosymplectic manifolds. Let (M,ϕ, ξ, η, g, α, β)
be a 3-dimensional trans-Sasakian manifold. Then for each point p ∈M there is
a neighbourhood U of p, where we have a local orthonormal frame {e, ϕe, ξ} for
a unit vector field e on U called an adapted frame. Using the equations (2.1),
(2.2) and (2.3), we obtain the following local structure equations defined on U
∇eξ = βe − αϕe, ∇ϕeξ = αe + βϕe, ∇ξξ = 0, (4.1)
∇ee = γϕe− βξ, ∇ϕee = −δϕe− αξ, ∇ξe = λϕe, (4.2)
∇eϕe = −γe+ αξ, ∇ϕeϕe = δe− βξ, ∇ξϕe = −λe, (4.3)
where γ, δ, λ are smooth functions defined on U . Using the above equations, we
compute
R(e, ϕe)ξ = (e(α)− ϕe(β)) e+ (e(β) + ϕe(α))ϕe
R(ϕe, ξ)e = (ϕe(λ) + ξ(δ) + βδ − γα− γλ)ϕe + (ξ(α) + 2αβ) ξ
R(ξ, e)ϕe = (e(λ)− ξ(γ)− βγ − δα− δλ) e+ (ξ(α) + 2αβ) ξ.
Adding these three equations, we conclude that
e(α)− ϕe(β) + e(λ)− ξ(γ) = βγ + δα+ δλ, (4.4)
e(β) + ϕe(α) + ϕe(λ) + ξ(δ) = γα+ γλ− βδ, (4.5)
and the third component gives the result in the Lemma 2.1. Also, we have
R(ξ, e)e = (ξ(γ)− e(λ) + βγ + αδ + λδ)ϕe+
(
−ξ(β) + α2 − β2
)
ξ
and
R(ξ, ϕe)ϕe = (ξ(δ) + ϕe(λ) + βδ − αγ − λγ) e+
(
−ξ(β) + α2 − β2
)
ξ
Using the two equations above in Q(ξ) = R(ξ, e)e+R(ξ, ϕe)ϕe, we obtain
Q(ξ) = (ξ(δ) + ϕe(λ) + βδ − αγ − λγ) e
+(ξ(γ)− e(λ) + βγ + αδ + λδ)ϕe
+2
(
−ξ(β) + α2 − β2
)
ξ.
This together with the equations (4.4) and (4.5) gives
Q(ξ) = − (e(β) + ϕe(α)) e+ (e(α)− ϕe(β))ϕe + 2
(
−ξ(β) + α2 − β2
)
ξ. (4.6)
Recall that in Theorem 3.2, the vector field ξ being an eigenvector of the Ricci
operator corresponding to a non-zero eigenvalue makes the trans-Sasakian man-
ifold homothetic to a Sasakian manifold. Similarly, we have the following char-
acterization of cosymplectic manifolds.
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Theorem 4.1. Let (M,ϕ, ξ, η, g, α, β) be a 3-dimensional compact and con-
nected trans-Sasakian manifold. Then M is a cosymplectic manifold if and only
if the Ricci operator Q annihilates the vector field ξ.
Proof. Suppose that Q(ξ) = 0 holds. Then (4.6) gives
e(β) = −ϕe(α), e(α) = ϕe(β), and ξ(β) = α2 − β2. (4.7)
Applying Lemma 2.1 and the equations (2.2), (2.3), (4.1)-(4.3) and (4.7), we
obtain
∆α = ee(α) + ϕeϕe(α) + ξξ(α) −∇ee(α)−∇ϕeϕe(α) −∇ξξ(α)
= [e, ϕe](β)− 2ξ(αβ) + γe(β)− δϕe(β)− 4αβ2
= (∇eϕe) (β)− (∇ϕee) (β)− 2ξ(αβ) + γe(β)− δϕe(β) − 4αβ
2
= (−γe+ αξ) (β)− (−δϕe− αξ)− 2ξ(αβ) + γe(β)− δϕe(β) − 4αβ2
= 2αξ(β)− 2ξ(αβ) − 4αβ2 = 0.
Thus thanks to compactness of M we have proved that α is a constant. If
α 6= 0, then Lemma 2.1, implies that β = 0 and consequently the equation
(4.7) gives α = 0, which is a contradiction. Hence α = 0 and the equation
(4.7) gives ξ(β) = −β2, that is, div(βξ) = β2, where we used divξ = 2β, which
follows from the equation (2.3). Using Stokes’ theorem in div(βξ) = β2, we
obtain β = 0. That is, M is a cosymplectic manifold. Conversely, if M is a
cosymplectic manifold, then the equation (4.6) gives that Q(ξ) = 0. 
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